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Abstract
Generalized Fibonacci cube Qd(f), introduced by Ilic´, Klavzˇar and Rho, is the
graph obtained from the d-hypercube Qd by removing all vertices that contain f as
a substring. The smallest integer d such that Qd(f) is not an isometric subgraph of
Qd is called the index of f . A non-extendable sequence of contiguous equal digits in
a string µ is called a block of µ. The question that determine the index of a string
consisting of at most 3 blocks is solved by Ilic´, Klavzˇar and Rho. This question is
further studied and the index of a string consisting of 4 blocks is determined, and
the necessity of a string being good is also given for the strings with even blocks.
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1 Introduction and Preliminaries
Hsu [1] introduced Fibonacci cube as a model for interconnection networks, which has
similar properties as hypercube. The vertex set of Fibonacci cube Γd is the set of all
binary strings b1b2 . . . bd containing no two consecutive 1s and two vertices are adjacent
in Γd if they differ in precisely one bit. Klavzˇar and Zˇigert [7] applied Fibonacci cubes
in chemical graph theory and showed those cubes are precisely the resonance graphs of
fibonaccenes. More generally Zhang et al. [10] described the class of planar bipartite
graphs that have Fibonacci cubes as their resonance graphs. For more about Fibonacci
cubes, see [5] for a survey.
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A binary string f is called a factor of binary string µ if f appears as a sequence of
|f | consecutive bits of µ, where |f | denotes the length of f . Γd can be seen as the graph
obtained from Qd by removing all strings that contain 11 as a factor. Inspired by this, Ilic´,
Klavzˇar and Rho [3] introduced generalized Fibonacci cube, Qd(f), as the graph obtained
from Qd by removing all strings that contain f as a factor, where f is some given binary
string. In this notation Fibonacci cube Γd is the graph Qd(11). The subclass Qd(1
s) of
generalized Fibonacci cube has been studied in [8, 9].
For a connected graph G, the distance dG(µ, ν) between vertices µ and ν is the length
of a shortest µ, ν-path. Given two binary strings α and β with the same length, their
Hamming distance H(α, β) is the number of bits in which they differ. It is known that
[4] for any vertices α and β of Qd, H(α, β) = dQd(α, β).
Obviously, for any subgraph H of G, dH(µ, ν) ≥ dG(µ, ν). If dH(µ, ν) = dG(µ, ν) for
all µ, ν ∈ V (H), then H is called an isometric subgraph of G, and simply write H →֒ G,
and H 6 →֒ G otherwise.
A string f is good if Qd(f) →֒ Qd for all d ≥ 1, it is bad otherwise [6]. The index
of a binary string f , denoted B(f), is the smallest integer d such that Qd(f) 6 →֒ Qd [3].
Obviously, f is good if and only if B(f) = +∞ and f is bad if and only if B(f) < +∞.
It was shown that for about eight percent of all strings are good [6].
A non-extendable sequence of contiguous equal digits in a string α is called a block
of α. Let F ′ = { f | f is a string consisting of at most 3 blocks}. The question that
determine the index of f ∈ F ′ was solved by Ilic´, Klavzˇar and Rho [3]. The result is
shown in Table 1.
Table 1: Classification of the index of the string f ∈ F ′.
(i′) r s t B(f)
(1′) r ≥ 1 s = 0 t = 0 +∞
(2′) r ≥ 1 s = 1 t = 0
(3′) r = 2 s ≥ 2 t = 0 s+ 5
(4′) r ≥ 3 s ≥ 3 t = 0 2r + 2s− 2
(5′) r ≥ 1 s ≥ 1 t ≥ 1 r + s+ t+ 1
This question is further studied for the strings consisting of even blocks in this paper.
Let f = 1x10y11x20y2 · · · 1xn0yn , where xi ≥ 1, yi ≥ 1, i = 1, . . . , n and n ≥ 2. We find 5
classes of bad strings and give a necessity of a string being good in the following theorem.
Theorem 1.1. If f is good, then it satisfies one of the following cases:
(a) x1 = 1 and yn = y1 + 1,
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(b) x1 = xn = 1 and y1 = yn,
(c) x1 = 1, xn ≥ 2 and y1 = yn + 1 and
(d) x1 = 1, xn = 2 and y1 ≥ yn + 2.
We pay special attention to the strings consisting of 4 blocks. Let F = {f = 1r0s1t0k|
r, s, t and k ≥ 1}. We get the following result.
Theorem 1.2. Let f ∈ F . Then B(f) is given just as shown in Table 2.
Table 2: Classification of the index of the string f ∈ F .
(i) r t s k B(f)
(1) r = 1 t ≥ 1 s ≥ 1 k = s+ 1
+∞(2) r = 1 t = 1 s = k k ≥ 1
(3) r = 1 t ≥ 2 s = k + 1 k ≥ 1
(4) r = 1 t = 2 s ≥ k + 2 k ≥ 2
(5) r ≥ t+ 3 t ≥ 1 s ≥ 3 k = 2 2r + 2s+ t+ 2
(6) r = t+ 2 t ≥ 1 s ≥ 2 s ≥ k ≥ 1 3t+ 2s + k + 2
(7)
r ≥ t+ 3 t ≥ 1 s ≥ 3 k = 1
2r + 2s+ t+ k − 1r = t+ 2 t ≥ 1 s = 1 k = 1
r = t+ 2 t ≥ 1 s ≥ 2 k = s+ 1
(8)
r = t+ 1 t ≥ 2 s ≥ 1 k = s+ 1
r + 2s+ 2t+ kr = 2 t = 1 s ≥ 1 k ≥ s+ 1
r ≥ 3 t = 1 s = 1 k ≥ 3
(9) r = 1 t = 1 s ≥ 1 k ≥ s+ 3 2s+ k + 4
(10) r = 1 t = 1 s ≥ k + 1 k ≥ 1 2k + s+ 3
(11) r ≥ 2 t = r s ≥ k + 1 k ≥ 1 3r + 2s+ k − 1
(12) r ≥ 1 t ≥ r + 2 s ≥ k + 2 k ≥ 1 2s+ 2t+ r + k − 2
(13) 2 ≥ r ≥ 1 t = 2 s ≥ 1 k ≥ s+ 3 2s+ k + r + 4
(14)
r ≥ 3 t = 2 s ≥ 1
k ≥ s+ 3
2(r + s+ t+ k − 1)
r = 3 t = 1 s ≥ 2
r ≥ t t ≥ 3 s ≥ 1
r ≥ 3 t ≥ r + 1 s ≥ 1
(15)
r ≥ 2 t = r + 1 s ≥ k + 1 k ≥ 2
r + 2s+ 2t+ k + 2r = t+ 1 t ≥ 1 s ≥ k k ≥ 2
r = t+ 2 t ≥ 1 s ≥ 2 k = s+ 2
r = t t ≥ 2 s ≥ 2 k = s
In the rest of this section some necessary definitions and results are introduced. With
ei we denote the binary string with 1 in the i-th bit and 0 elsewhere. For strings α and β
of the same length let α+ β denote their sum computed bitwise modulo 2. In particular,
α+ ei is the string obtained from α by reversing its i-th bit. The null string, denoted by
λ, is a string of length zero. For the convenience of use, let µs,t be the factor of µ that
starts from the s-th bit to the t-th bit if t ≥ s and λ if t < s, where s ≤ |µ| and t ≤ |µ|.
Let α = a1a2 · · · ad1 and β = b1b2 · · · bd2 , with αβ we denote a1a2 · · · ad1b1b2 · · · bd2 ,
with αR = ad1 · · · a2a1 denote the reverse of α and α = a1 a2 · · · ad1 the complement of f ,
where fi = 1− fi, i = 1, . . . , d.
Proposition 1.3 ([3]). Let f be any string and d ≥ 1. Then Qd(f) ∼= Qd(f) ∼= Qd(f
R).
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For two vertices µ and ν of graph G, the set of vertices lying on shortest µ, ν-paths is
called the interval between µ and ν, denoted by IG(µ, ν). Let α and β ∈ V (Qd(f)) and
p ≥ 2. Then α and β are called p-critical words [3] for Qd(f) if dQd(α, β) = H(α, β) = p,
but none of the neighbors of α in IQd(α, β) belongs toQd(f) or none of the neighbors of β in
IQd(α, β) belongs to Qd(f). The following proposition gives a tool to prove Qd(f) 6 →֒ Qd.
Proposition 1.4 ([3]). If there exist p-critical words for Qd(f) for some p ≥ 2, then
Qd(f) 6 →֒ Qd.
Proposition 1.5 ([6]). Suppose that Qd(f) 6 →֒ Qd. Then Qd′(f) 6 →֒ Qd′ for all d
′ > d.
Note that if f is bad, then Qd(f) →֒ Qd only for d < B(f) by Proposition 1.5.
We proceed as follows. In the next section, we study the strings with even blocks. A
few special classes of bad strings are given and Theorem 1.1 is proved. In the last section,
Theorem 1.2 is proved, in other words, the index of every string consisting of 4 blocks is
determined.
2 Strings consisting of 2n blocks
In this section we give 5 classes of bad strings with 2n blocks, which will be used to give
the necessity of a string being good, and also to classify the index of a string from F in the
next section. All the strings considered in the following lemmas and theorem consist of 2n
blocks. Assume without loss of generality that f = 1x10y11x20y2 · · · 1xn0yn by Proposition
1.3, where xi ≥ 1, yi ≥ 1, i = 1, . . . , n and n ≥ 2.
Lemma 2.1. If x1 ≥ 2 and yn ≥ 2, then Qd(f) 6 →֒ Qd for d ≥ 2
n∑
i=1
(xi + yi)− 2.
Proof. Let d0 = 2
n∑
i=1
(xi + yi)− 2,
α = 1x10y11x20y2 · · ·1xn0yn−2101x1−20y11x20y2 · · · 1xn0yn and
β = 1x10y11x20y2 · · ·1xn0yn−2011x1−20y11x20y2 · · ·1xn0yn.
Note that |α| = |β| = d0, H(α, β) = 2 and the only vertices on the two shortest
α, β-paths in Qd0 are
µ = 1x10y11x20y2 · · · 1xn0yn1x1−20y11x20y2 · · · 1xn0yn and
ν = 1x10y11x20y2 · · · 1xn0yn−21x1 0y11x20y2 · · · 1xn0yn .
But none of µ and ν is a vertex of Qd0(f). Now we claim that α and β are vertices of
Qd0(f). If this claim holds, then α and β are 2-critical words for Qd0(f), hence Qd0(f) 6 →֒
Qd0 by Proposition 1.4. To prove this claim we can check every factor of consecutive
2n blocks contained in α or β is f (or not) by a system of equations and inequalities
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has a solution of positive integers (or not). Obviously, we only need consider the factors
beginning the block consisting of 1s. There are four cases to be considered: (a) x1 ≥ 3
and yn ≥ 3; (b) x1 ≥ 3 and yn = 2; (c) x1 = 2 and yn ≥ 3 and (d) x1 = 2 and yn = 2.
Since cases (b), (c) and (d) can be proved by similar arguments as in case (a), we only
give the proof of case (a) to save space.
There are n+ 2 systems of equations and inequalities for α. The first and second are:
(1)


xt ≤ x1, t = 1,
xt = xt, t = 2, . . . , n,
yt = yt, t = 1, . . . , n− 1,
yt ≤ yn − 2, t = n.
(2)


xt ≤ x2, t = 1,
xt = xt+1, t = 2, . . . , n− 1,
xt = 1, t = n,
yt = yt+1, t = 1, . . . , n− 2,
yt = yn − 2, t = n− 1,
yt ≤ 1, t = n.
The i-th (i = 3, . . . , n, n ≥ 3) system of equations and inequalities is:
(i)


xt ≤ xi, t = 1,
xt = xt+i−1, t = 2, . . . , n− i+ 1,
xt = 1, t = n− i+ 2,
xt = x1 − 2, t = n− i+ 3,
xt = xt+i−n−2, t = n− i+ 4, . . . , n,
yt = yt+i−1, t = 1, . . . , n− i,
yt = yn − 2, t = n− i+ 1,
yt = 1, t = n− i+ 2,
yt = yt+i−n−2, t = n− i+ 3, . . . , n− 1,
yt ≤ yi−2, t = n.
The last two are:
(n + 1)


xt ≤ 1, t = 1,
xt = x1 − 2, t = 2,
xt = xt−1, t = 3, . . . , n,
yt = 1, t = 1,
yt = yt−1, t = 2, . . . , n− 1,
yt ≤ yt−1, t = n.
(n+ 2)


xt ≤ x1 − 2, t = 1,
xt = xt, t = 2, . . . , n,
yt = yt−1, t = 1, . . . , n− 1,
yt ≤ yt, t = n.
In the first system, the last inequality is yn ≤ yn−2, and in the (n+2)-th system, the
first inequality is x1 ≤ x1−2, obviously those are impossible. If we add up the first to n-th
inequalities and equations in the i-th system, then xi ≤ −1, i = 3, . . . , n. It is impossible.
Hence all those systems have no solution of positive integers, that is, α ∈ V (Qd0(f)). It
can be shown that β ∈ V (Qd0(f)) similarly. So α and β are 2-critical words for Qd0(f).
By Proposition 1.5, Qd(f) 6 →֒ Qd for d ≥ d0. ✷
Lemmas 2.2–2.5 also give several bad strings consisting of 4 blocks. Every one of those
lemmas can be proved by a similar argument in Lemma 2.1. We omit the detail proof of
every lemma, but present the p-critical words for Qd0(f).
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Lemma 2.2. If x1 = 1 and yn ≥ y1 + 2, then Qd(f) 6 →֒ Qd for d ≥ 2
n∑
i=2
(xi + yi) + y1.
Proof. Let d0 = 2
n∑
i=2
(xi + yi) + y1. Then
α = 10y11x20y2 · · · 1xn−10yn−11xn0yn−y1−200y111x2−10y2 · · ·1xn−10yn−11xn0yn and
β = 10y11x20y2 · · · 1xn−10yn−11xn0yn−y1−210y101x2−10y2 · · · 1xn−10yn−11xn0yn are 2-critical
words for Qd0(f). By Proposition 1.5, Qd(f) 6 →֒ Qd for d ≥ d0. ✷
Lemma 2.3. If xn ≥ x1+2 and y1 ≥ yn+2, then Qd(f) 6 →֒ Qd for d ≥ 2
n∑
i=2
xi+2
n−1∑
i=1
yi+
x1 + yn − 2.
Proof. Let d0 ≥ 2
n∑
i=2
xi + 2
n−1∑
i=1
yi + x1 + yn − 2. Then
α = 1x10y11x20y2 · · ·1xn−10yn−11xn−2010y1−21x20y2 · · · 1xn−10yn−11xn0yn and
β = 1x10y11x20y2 · · ·1xn−10yn−11xn−2100y1−21x20y2 · · · 1xn−10yn−11xn0yn are 2-critical words
for Qd0(f). By Proposition 1.5, Qd(f) 6 →֒ Qd for d ≥ d0. ✷
Lemma 2.4. If xn ≥ x1 + 1 and y1 = yn, then Qd(f) 6 →֒ Qd for d ≥ 2
n∑
i=2
xi + 2
n−1∑
i=2
yi +
3y1 + x1 − 1.
Proof. Let d0 = 2
n∑
i=2
xi + 2
n−1∑
i=2
yi + 3y1 + x1 − 1. Then
α = 1x10y11x20y2 · · ·1xn−110y1−111x2−10y2 · · · 1xn−10yn−11xn0y1 and
β = 1x10y11x2 0y2 · · · 1xn−100y1−101x2−10y2 · · · 1xn−10yn−11xn0y1 are 2-critical words for
Qd0(f). By Proposition 1.5, Qd(f) 6 →֒ Qd for d ≥ d0. ✷
Lemma 2.5. If y1 ≥ yn + 1 and x1 = xn = 1, then Qd(f) 6 →֒ Qd for d ≥ 2
n−1∑
i=2
xi +
2
n−1∑
i=1
yi + yn + 2.
Proof. Let d0 = 2
n−1∑
i=2
xi + 2
n−1∑
i=1
yi + yn + 2. Then
α = 10y11x20y2 · · · 1xn−10yn−1−1000y1−11x20y2 · · · 1xn−10yn−110yn and
β = 10y11x2 0y2 · · · 1xn−10yn−1−1110y1−11x20y2 · · ·1xn−10yn−110yn are 2-critical words for
Qd0(f). By Proposition 1.5, Qd(f) 6 →֒ Qd for d ≥ d0. ✷
If x1 ≥ 2 and yn ≥ 2, then f is bad by Lemma 2.1. So f is good only if one of x1 and
yn is 1. Without loss of generality let x1 = 1 and yn ≥ 1 by Proposition 1.3.
Proof of Theorem 1.1. Obviously, the good strings can be found in those which not
be mentioned in Lemmas 2.1-2.6. As the above discussion, f is good only if x1 = 1 and
yn ≥ 1. If x1 = 1 and yn ≥ y1 + 2, then f is bad by Lemma 2.2. So f is good only if
x1 = 1 and yn ≤ y1 + 1. If x1 = 1, xn ≥ 3 and y1 ≥ yn + 2, then f is bad by Lemma 2.3.
So f is good only if x1 = 1, yn = y1 + 1 and xn ≥ 1; x1 = 1, yn = y1 and xn ≥ 1; x1 = 1,
yn + 1 = y1 and xn ≥ 1; or x1 = 1, y1 ≥ yn + 2 and 2 ≥ xn ≥ 1. If x1 = 1, xn ≥ 2 and
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yn = y1, then f is bad by Lemma 2.4. So f is good only if x1 = 1, yn = y1+1 and xn ≥ 1;
x1 = 1, yn = y1 − 1 and xn ≥ 1; x1 = 1, yn = y1 and xn = 1; or x1 = 1, y1 ≥ yn + 2 and
2 ≥ xn ≥ 1. If x1 = 1, xn = 1 and y1 ≥ yn + 1, then f is bad by Lemma 2.5. So if good
only if (a) x1 = 1 and yn = y1 + 1; (b) x1 = xn = 1 and y1 = yn; (c) x1 = 1, xn ≥ 2 and
y1 = yn + 1; or (d) x1 = 1, xn = 2 and y1 ≥ yn + 2. ✷
3 The index of string consisting of 4 blocks
To prove Theorem 1.2, we need show that Qd(f) →֒ Qd for every string f in Table 2 if
and only if d < B(f), and Table 2 covers F . For the former, we prove it by Lemmas 3.1
and 3.2. For the latter, we prove it by Lemma 3.3.
Lemma 3.1. If f is one of strings (1)-(4), then it is good.
Proof Let n = 2, x1 = r, y1 = s, x2 = t and y2 = k. Then all the good strings from F
must among (1)-(4) by Theorem 1.1. For the string (2), it is good by Theorems 4.3 and
4.4 in [3]. To save space we only show that (4) is good indeed since (1) and (3) can be
prowed to be good by similar method.
Let d ≥ 1, α = a1a2 · · · ad, β = b1b2 · · · bd ∈ V (Qd(f)), aij 6= bij and αj = α+ej, where
j = 1, . . . , p. Without loss of generality, assume ai1 = 0. Then the following claim holds.
Claim: If p ≥ 2, then there exists k ∈ {1, 2, . . . , p} such that αk ∈ V (Qd(f)).
Proof. On the contrary we suppose that αk /∈ V (Qd(f)) for all k ∈ {1, 2, . . . , p}. Then we
can show that p ≥ 3 by all the three possible cases of the factor of α1 containing ai1 .
Case 1. αi1,i1+s+k+2 = 00
s120k.
Since β ∈ V (Qd(f)) and α2 6∈ V (Qd(f)), i2 ∈ [i1 + 1, i1 + s + k + 2]. As s ≥ k + 2,
there are two following cases for the coordinate of i2.
Subcase 1.1. i2 = i1 + s+ 2.
In this subcase αi1,i2+s+k+1 = 00
s110s−1120k. If p = 2, then βi2−1,i2+s+k+1 = 100
s−1120k =
f , a contradiction since β ∈ V (Qd(f)). So p ≥ 3.
Subcase 1.2. i2 = i1 + s+ t + 2 for some t such that 1 ≤ t ≤ k.
In this subcase αi1,i2+s+k+3 = 00
s110t−100s120k. If p = 2, then βi2,i2+s+k+2 = 10
s120k =
f , a contradiction since β ∈ V (Qd(f)). So p ≥ 3.
Case 2. ai1 is preceded by αi1−s−1,i1+k+1 = 10
s010k.
Since β ∈ V (Qd(f)), α2 6∈ V (Qd(f)) and s ≥ k + 2, there exists some t ∈ [1, k]
such that i2 = i1 + t + 1. Hence αi1−s−1,i2+s+k+2 = 10
s010t−100s120k. If p = 2, then
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βi2,i2+s+k+2 = 10
s120k = f , a contradiction since β ∈ V (Qd(f)). So p ≥ 3.
Case 3. ai1 is preceded by αi1−s−2,i1+k = 10
s100k.
Since β ∈ V (Qd(f)), α2 6∈ V (Qd(f)) and s ≥ k + 2, there exists some t ∈ [1, k] such
that i2 = i1 + t. So αi1−s−2,i2+s+k+2 = 10
s100t−100s120k. If p = 2, then βi2,i2+s+k+2 =
10s120k = f , a contradiction since β ∈ V (Qd(f)). So p ≥ 3.
By the above discussions, we know that p ≥ 3 and for j = 2 it satisfies that either
(A) αij−1,ij+s+k+1 = 110
s−1110k or (B) αij ,ij+s+k+2 = 00
s110k. Now we prove that it also
satisfies for j ≥ 3 by induction on j. We assume that it holds for j such that 2 ≤ j < d,
now we prove it holds for j+1 under the inductive assumption (A) and (B), respectively.
(A). αij−1,ij+s+k+1 = 110
s−1110k.
As β ∈ V (Qd(f)), αj+1 6∈ V (Qd(f)) and s ≥ k+2, there are two possible cases of ij+1.
(A.1) aij+1 = 1 and ij+1 = ij + s+ 1.
In this subcase, aij+1 is preceded by α1,ij−2110
s−11 and followed by 0s−1120kαij+s+k+2,d.
So αij+1−1,ij+1+s+k+1 = 110
s−1110k.
(A.2) aij+1 = 0 and ij+1 = ij + s+ t
′ + 1 for some t′ ∈ [1, k].
In this case, aij+1 is preceded by α1,ij−2110
s−1110t
′
−1 and followed by 0s120kαij+1+s+k+3,d.
So αij+1,ij+1+s+k+2 = 00
s110k.
(B). αij ,ij+s+k+2 = 00
s110k.
Since β ∈ V (Qd(f)) and αj+1 6∈ V (Qd(f)), there are two cases for the position of ij+1.
(B.1) aij+1 = 1 and ij+1 = ij + s + 2.
In this case, aij+1 is preceded by α1,ij−100
s1 and followed by 0s−1120kαij+s+k+2,d. So
αij+1−1,ij+1+s+k+1 = 110
s−1110k.
(B.2) aij+1 = 0 and ij+1 = ij + s + t
′ + 2 for some t′ ∈ [1, k].
In this case, aij+1 is preceded by α1,ij−100
s110t
′
−1 and followed by 0s120kαij+1+s+k+3,d.
So αij+1,ij+1+s+k+2 = 00
s110k.
Thus, αij+1,ij+1+s+k+2 = 00
s110k or αij+1−1,ij+1+s+k+1 = 110
s−1110k, that is, (A) or (B)
holds for j + 1. Specially, αip,ip+s+k+2 = 00
s110k or αip−1,ip+s+k+1 = 110
s−1110k. Hence
βip,ip+s+k+2 = 10
s110k = f or βip−1,ip+s+k+1 = 100
s−1110k = f . It is a contradiction since
β ∈ V (Qd(f)). Thus the claim holds.
Now we show thatH(α, β) = dQd(f)(α, β) = p by induction on p. Obviously, it is trivial
for p = 1. Suppose p ≥ 2 and it holds for p− 1. There exists some αj ∈ V (Qd(f)) by the
above claim, so p− 1 = dQd(f)(αj, β) by the induction hypothesis, hence p = dQd(f)(α, β)
and so f is good. ✷
Lemma 3.2. If f is one of strings (5)-(14), then B(f) is given just as shown in Table 2.
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Proof. Let f be one of strings (5)-(14). We need show that Qd(f) 6 →֒ Qd for d ≥ B(f),
and Qd(f) →֒ Qd for d < B(f). For the former, we show there exist p-critical words for
QB(f)(f) in the following, hence we know it holds by Proposition 1.4.
(5): α = 1r0s1t011r−t−20s1t02 and β = 1r0s1t101r−t−20s1t02;
(6): α = 1t+20s−2011t0s1t0k and β = 1t+20s−2101t0s1t0k;
(7): α = 1r0s−101t11r−t−20s1t0k and β = 1r0s−111t01r−t−20s1t0k;
(8): α = 1r0s−101t0s11t−10k and β = 1r0s−111t0s01t−10k;
(9): α = 10s100s10k and β = 10s110s00k;
(10): α = 10k00s−k−100k10k and β = 10k10s−k−110k10k;
(11): α = 1r0s−101r−100s−11r0k and β = 1r0s−111r−110s−11r0k;
(12): α = 1r0s1t−2010s−21t0k and β = 1r0s1t−2100s−21t0k;
(13): α = 1r0s120s100k and β = 1r0s120s010k; and
(14): α = 1r0s1t0k−2101r−20s1t0k and β = 1r0s1t0k−2011r−20s1t0k;
(15): α = 1r0s1t010s1t0k and β = 1r0s1t100s1t0k.
For the latter, to save space here we only give the proof of (12), the others can be
proved by similar discussions. Let d < B(f). Assume α = a1a2 · · · ad and β = b1b2 · · · bd
be any vertices of Qd(f), aij 6= bij and αj = α + ej, where j = 1, . . . , p. Without loss of
generality, suppose that ai1 = 1. Then we have the following claim:
Claim Let p ≥ 2. Then there exists k ∈ {1, 2, . . . , p} such that αk ∈ V (Qd(f)).
Proof. On the contrary we suppose that αk /∈ V (Qd(f)) for all k ∈ {1, 2, . . . , p}. Then we
can show that p = 1 by the following cases. Hence we get a contradiction since p ≥ 2.
Case 1. αi1−r−s1,i1+s2+t+k = 1
r0s110s21t0k, where s1 + s2 = s− 1.
Obviously by β ∈ V (Qd(f)), i2 ∈ [i1+1, i1+s2+t+k]. Since α2 6∈ V (Qd(f)), t ≥ r+2
and s ≥ k + 2, the position of i2 may be the following three subcases.
Subcase 1.1. i2 = i1 + 1, s1 = 0 and s2 = s− 1.
In this subcase αi1−r−s−t+2,i2+s+t+k−2 = 1
r0s1t−2100s−21t0k. But d = |α| ≥ 2s + 2t +
r + k − 2 = B(f), a contradiction.
Subcase 1.2. i2 = i1 + s2 + t.
In this case αi1−r−s1,i2+s+k+t−1 = 1
r0s110s21t−110s−11t0k. But d = |α| ≥ 2s + 2t + r +
k − 1 > B(f), a contradiction.
Subcase 1.3. i2 = i1 + s2 + t+ k.
In this case αi1−r−s1,i2+r+s+k+t−1 = 1
r0s110s21t0k−101r−10s1t0k. But d = |α| ≥ 2s +
2t+ 2r + 2k − 1 > B(f), a contradiction.
Case 2. αi1−r−s−t−k1,i1+k2 = 1
r0s1t0k110k2, where k1 + k2 = k − 1, k1 ≥ 0 and k2 ≥ 1.
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We distinguish two subcases by r = 1 and r ≥ 2 to discussion.
Subcase 2.1. r = 1.
In this case, i2 = i1 + k3 + 1 for some k3 ∈ [0, k2 − 1] and αi1−r−s−t−k1,i2+s+t+k =
1r0s1t0k110k300s1t0k. But d = |α| ≥ 2s+2t+ r+ k+2+ k1+ k3 > B(f), a contradiction.
Subcase 2.2. r ≥ 2.
In this subcase, there are two possible positions for i2.
One is that i2 = i1 + k2 and αi1−r−s−t−k1,i2+r+s+t+k−1 = 1
r0s1t0k110k2−101r−10s1t0k.
But |α| ≥ 2r+2s+2t+2k−1 > B(f), a contradiction. The other one is that i2 = i1+1,
k2 = 1 and αi1−r−s−t−k+2,i2+r+s+t+k−2 = 1
r0s1t0k110k2−101r−10s1t0k. But |α| ≥ 2r + 2s +
2t+ 2k − 2 > B(f), a contradiction.
Hence by the above discussion, if αk ∈ V (Qd(f)) for all k ∈ {1, 2, . . . , p}, then there
exist no i2, that is, p = 1, a contradiction to p ≥ 2. Thus the claim holds.
Now we show that H(α, β) = dQd(f)(α, β) = p by induction on p, where d < B(f).
Obviously it holds for p = 1. Suppose p ≥ 2 and it holds for p − 1. By the above
claim there exists αj ∈ V (Qd(f)), so H(αj, β) = dQd(f)(αj, β) = p − 1 by the induction
hypothesis. Hence H(α, β) = dQd(f)(α, β) = p, in other words, Qd(f) →֒ Qd for d < B(f).
Lemma 3.3. Table 2 covers F .
Proof. First we show a relation between r, s, t and k by the following 36 cases in Table
3, where all of r, s, t and k are positive integers. It is not difficult to find that (i.j) and
(j.i) are the same case by Proposition 1.3. Thus we only need to discuss the cases (i.j)
that i ≥ j, where i, j = 1, 2, . . . , 6.
Table 3: A relation between r, s, t and k.
t ≥ r + 2 t = r + 1 t = r r = t+ 1 r = t+ 2 r ≥ t+ 3
s ≥ k + 2 (1.1) (2.1) (3.1) (4.1) (5.1) (6.1)
s = k + 1 (1.2) (2.2) (3.2) (4.2) (5.2) (6.2)
s = k (1.3) (2.3) (3.3) (4.3) (5.3) (6.3)
k = s+ 1 (1.4) (2.4) (3.4) (4.4) (5.4) (6.4)
k = s+ 2 (1.5) (2.5) (3.5) (4.5) (5.5) (6.5)
k ≥ s+ 3 (1.6) (2.6) (3.6) (4.6) (5.6) (6.6)
Case (1.1): t ≥ r + 2 and s ≥ k + 2.
This case is covered by (12).
Cases (2.1) and (2.2): t = r + 1 and s ≥ k + 1.
For the subcase r ≥ 2 and k ≥ 2, it is covered by (15). For the subcase r ≥ 1 and
k = 1, its reverse is covered by (3). For the subcase r = 1, k ≥ 2 and s = k + 1, it is
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covered by (3). For the subcase r = 1, k ≥ 2 and s ≥ k + 2, it is covered by (4).
Cases (3.1) and (3.2): t = r and s ≥ k + 1.
For the subcases r = 1 and r ≥ 2 it is covered by (10) and (11), respectively.
Case (3.3): t = r and s = k.
If r ≥ 2 and k ≥ 2, then it is covered by (15), and r = 1 and k ≥ 1 is covered by (2).
Cases (4.1), (4.2) and (4.3) : r = t + 1 and s ≥ k.
If k = 1, then its reverse is covered by (1). If k ≥ 2, then it is covered by (15).
Cases (4.4): r = t+ 1 and k = s+ 1.
This case is covered by (8).
Cases (5.1), (5.2) and (5.3): r = t+ 2 and s ≥ k.
If s = 1, then it is covered by (7). If s ≥ 2, then it is covered by (6).
Cases (5.4): r = t+ 2 and k = s+ 1.
If s = 1, then its reverse is covered by (8). If s ≥ 2, then it is covered by (7).
Cases (5.5): r = t+ 2 and k = s+ 2.
If s = 1 and t = 1, or s ≥ 2 and t ≥ 1, then it is covered by (8) or (15), respectively.
Cases (6.1) and (6.2): r ≥ t + 3 and s ≥ k + 1.
If s = 2, then it is covered by (13). If s ≥ 3 and k = 1, then it is covered by (7). If
s ≥ 3 and k = 2, then it is covered by (5). If s ≥ 3 and k ≥ 3, then it is covered by (14).
Cases (6.3) : r ≥ t+ 3 and k = s.
The reverse of subcases k = 1, k ≥ 2 and k ≥ 3 is covered by (9), (13) and (14),
respectively.
Cases (6.4): r ≥ t + 3 and k = s+ 1.
If s = 1, then its reverse is covered by (8). If s ≥ 2, then its reverse is covered by (14).
Cases (6.5): r ≥ t + 3 and k = s+ 2.
If t = 1 and s = 1, then its reverse is covered by (8). If t = 1 and s ≥ 2, or t ≥ 1 and
s ≥ 2, then its reverse is covered by (14).
Cases (6.6): r ≥ t + 3 and k ≥ s+ 3.
If s = 1 and t = 1, then it is covered by (8); If s = 1 and t ≥ 2, or s ≥ 2 and t ≥ 2,
then it is covered by (14). This completes the proof. ✷
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